We investigate genuine multipartite nonlocality of pure permutationally invariant multimode Gaussian states of continuous variable systems, as detected by the violation of Svetlichny inequality. We identify the phase space settings leading to the largest violation of the inequality when using displaced parity measurements, distinguishing our results between the cases of even and odd total number of modes. We further consider pseudospin measurements and show that, for three-mode states with asymptotically large squeezing degree, particular settings of these measurements allow one to approach the maximum violation of Svetlichny inequality allowed by quantum mechanics. This indicates that the strongest manifestation of genuine multipartite quantum nonlocality is in principle verifiable on Gaussian states.
I. INTRODUCTION
Quantum mechanical systems can be correlated in ways stronger than classical ones. The characterization and exploitation of such correlations is enabling the development of a wealth of quantum technologies, set to revolutionize information and communication and other industrial sectors. Bell nonlocality is the strongest form of quantum correlations [1] . It manifests itself when two or more subsystems are in an entangled state [2] and additionally fulfill the more stringent condition that the outcomes of local measurements on each subsystem cannot be explained by using a local hidden variable model [3, 4] . This entails that the entanglement distributed among the subsystems, which may be located in different laboratories, can be verified without any need for characterizing, or trusting, the measurement apparatuses available in each laboratory [1] . In turn, this ensures that the states exhibiting Bell nonlocality can be useful as resources for fully device-independent quantum communication, including in particular unconditionally secure quantum key distribution [5] .
Nonlocal correlations can be detected by the violation of Bell-type inequalities [4] . While a great deal of attention has been devoted to the study of Bell inequalities in bipartite systems [1, 3, 4, 6, 7] , including most recently the first loopholefree experimental demonstrations [8] [9] [10] , a few criteria have been formulated for the verification of Bell nonlocality in multipartite systems as well [1, [11] [12] [13] [14] [15] [16] [17] [18] [19] . However, the concept of genuine multipartite nonlocality has been formalized only recently from an operational point of view [18, 19] and its full exploration remains challenging both theoretically and experimentally.
In this paper we present a theoretical study of genuine multipartite nonlocality in multimode Gaussian states of infinitedimensional systems. These states, which include squeezed and thermal states of quantized electromagnetic fields, are the theoretical pillars and the resources of choice for a number of applications in quantum information with continuous variables [20] [21] [22] [23] [24] . Their nonlocal properties have been explored in a few papers [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , albeit mostly limited to two or three modes. We investigate genuine multipartite nonlocality as revealed by the violation of an inequality first proposed for tripartite states by Svetlichny [12] . Such an inequality can be violated e.g. by both Greenberger-Horne-Zeilinger (GHZ) and W classes of states for three qubits [15, 16] , and it stands as the conventional witness of genuine nonlocality when all three parties perform two measurements with two outcomes each [19] , even though a large number of weaker inequalities revealing genuine nonlocality in more general settings have been constructed more recently [18, 19] . While originally formulated for dichotomic observables, Bell-type inequalities such as the Svetlichny one can be tested for continuous variable systems either by binning outcomes of observables with continuous spectrum (typically Gaussianity-preserving measurements such as homodyne detection) [25, 26] , or by considering directly operators with a discrete spectrum [27, 30] . The first kind of approach is of no use with Gaussian states, since their defining property of admitting a phase space description in terms of Gaussian (i.e., classical-like) Wigner distributions entails that all the results of homodyne detections can be fully explained by a local hidden variable model, even for entangled states. However, Gaussian states do exhibit trademark nonclassical and nonlocal features, as revealed by violations of Bell-type inequalities using observables of the second kind (which do not preserve Gaussianity), including most importantly displaced parity [27] and pseudospin [30] .
Here we investigate the maximum violation of the Svetlichny inequality in pure permutationally invariant multimode Gaussian states, which can be seen as continuous variable analogs of multiqubit GHZ states [37] [38] [39] [40] [41] , by considering these two types of measurements. For displaced parity measurements, we extend the results of [36] from three to an arbitrary number of modes, providing a prescription to identify the phase space settings leading to the largest violations. However, we show that (as in the case of two and arXiv:1610.01928v2 [quant-ph] 18 Jan 2017 three modes) these violations do not reach the absolute maximum allowed by quantum mechanics, that is the multipartite analogue of the Tsirelson bound [1] . On the contrary, we provide substantial evidence that by using pseudospin operators one can approach such a maximum violation asymptotically in pure permutationally invariant three-mode Gaussian states. This result, which mirrors the case of bipartite nonlocality in two-mode squeezed Gaussian states [30] , demonstrates theoretically that maximum genuine multipartite quantum nonlocality is in fact attainable in continuous variable Gaussian states, provided arbitrarily large squeezing is available. Extensions of the latter analysis to an arbitrary number of modes are certainly possible but cumbersome, since our treatment of pseudospin measurements relies on the explicit expansion of Gaussian states in the Fock basis. Such generalizations are thus left for future work.
This paper is organized as follows. Section II recalls essential concepts and tools for continuous variable Gaussian states and their mathematical description. Section III introduces basic notions in Bell nonlocality and the Svetlichny inequality criterion for genuine multipartite nonlocality. Section IV presents our results on the optimal violation of Svetlichny inequality for multimode permutationally invariant Gaussian states using displaced parity measurements. Section V contains our study of genuine tripartite nonlocality, up to the maximum quantum bound, for three-mode permutationally invariant Gaussian states using pseudospin measurements. Section VI concludes the manuscript with a brief outlook.
II. GAUSSIAN PRELIMINARIES
We consider a n-mode continuous variable system, characterized by an infinite-dimensional Hilbert space resulting from the tensor product of the Fock spaces of each mode. This describes, for instance, a collection of n quantum harmonic oscillators. The quadrature operators for each mode are collected in the vectorR = (q 1 ,p 1 ,q 2 ,p 2 , . . . ,q n ,p n ) T , so that the canonical commutation relations can be written compactly as [R j ,R k ] = i ω ⊕n j,k with ω = 0 1 −1 0 being the symplectic form. A Gaussian state ρ is represented by a Gaussian phase space Wigner distribution [23] ,
where ξ ∈ R 2n is a phase space coordinate vector, δ = R is the vector of first moments of the canonical variables, and σ is the covariance matrix of second moments, whose entries are
, with {·, ·} + denoting the anticommutator. The first moments can be adjusted by local displacements, which have no effect on the correlations among the modes, therefore from now on we will assume δ = 0 without any loss of generality. We will then focus on the covariance matrix σ, which encodes all the correlation properties of a Gaussian state ρ. Any real, symmetric, 2n × 2n matrix σ needs to satisfy the condition
in order to be a valid covariance matrix for a physical state ρ [42] . In passing, note how Eq. (2) may be seen as a generalization of the Robertson-Schrödinger uncertainty principle. The purity of a Gaussian state ρ is given simply by
, so that a pure Gaussian state ρ = |ψ ψ| has a covariance matrix σ with det σ = 1, saturating the above matrix inequality (2) .
We will focus our analysis on pure permutationally invariant n-mode Gaussian states [40] , which are known as the continuous variable counterparts of both GHZ and W states of n qubits, as they maximize both the genuine n-partite entanglement and the residual bipartite entanglement between any pair of modes, within the set of Gaussian states [43, 44] . These states, often referred to as continuous variable GHZ-like states [38, 39, 41] , have been investigated theoretically and experimentally as useful resources for multipartite teleportation networks [37, 45, 46] , error correcting codes [47] , and cryptographic protocols such as quantum secret sharing [48] [49] [50] and Byzantine agreement [51] . In the following we will show that they are very good candidates to reveal strong manifestations of genuine multipartite nonlocality by means of suitable measurements.
Up to local unitaries, the covariance matrix of these Gaussian states can be written in the following normal form in terms of 2 × 2 subblocks [40] ,
where α = diag(a, a) and γ = diag(z + n , z − n ), with a ≥ 1 and
These states are therefore entirely specified (up to local unitaries) by a single parameter, the local mixedness factor a, which can be accordingly expressed in terms of a single-mode squeezing degree r needed to prepare the state via a network of beam splitters [37, 40, 44, 45] .
III. SVETLICHNY INEQUALITY
In the Bell scenario, nonlocality can be detected in the state of a composite system by allowing every party to perform a selection of different measurements on their subsystems, each with two or more possible outcomes. From the expectation values of the measured observables one then infers a correlation parameter, whose value is bounded if a local hidden variable theory is assumed. Correlations exceeding the bound reveal the failure of local realism, that is, the presence of nonlocality. We refer the reader to [1, 4, 6, 18, 19] and references therein for an updated account on the subject.
In order to introduce the Svetlichny inequality for genuine multipartite nonlocality [12] , it is convenient to start with the bipartite case, i.e. with the traditional Clauser-HorneShimony-Holt (CHSH) inequality [6] . Suppose two experimenters Alice and Bob can each perform either one of two possible dichotomic measurements on their subsystem of a bipartite system. Say, Alice can measure her subsystem in either setting A 0 or A 1 , with respective outcome a x (x ∈ {0, 1}) and Bob can measure his subsystem in either setting B 0 or B 1 with respective outcome b y (y ∈ {0, 1}). Here a 0 , a 1 , b 0 , b 1 can take values ±1. Defining now a x b y = a,b=±1 ab P(ab|xy) as the expectation value of the product of outcomes ab for given measurement choices x, y, the Bell-CHSH parameter M 2 can then be written as follows [1, 6] , adopting a convenient normalization [13] ,
Assuming a model with a local hidden variable λ, according to which the expectation values can be factorized as a x b y = dλq(λ) a a P(a|x, λ) b b P(b|y, λ), it is straightforward to see that
which is known as the CHSH inequality. However, if Alice and Bob share an entangled quantum state ρ, there exist measurement settings such that the parameter M 2 constructed from the expectation values of their experimental data violates the inequality (6), up to the Tsirelson bound
which represents the maximum violation compatible with quantum mechanics. Consider now a tripartite system, and three observers Alice, Bob, and Charlie. The generalization of the CHSH inequality to this scenario is known as Mermin-Klyshko inequality [11] . Defining a x b y c z = a,b,c=±1 abc P(abc|xyz) as the expectation value of the product of outcomes abc for given measurement choices x, y, z of the three parties, the Mermin-Klyshko parameter can be written as
Once more, M 3 ≤ 1 for any local hidden variable model, while M 3 can reach up to √ 2 with entangled quantum states. However, a violation of the Mermin-Klyshko inequality can be achieved already by using only bipartite entangled states between any two of the three parties. To remedy this problem, one can define the Svetlichny parameter S 3 for a tripartite system as S 3 = (M 3 +M 3 )/2, whereM 3 is obtained from M 3 by swapping the 0's and 1's in the settings x, y, z. Explicitly,
In this way, a violation of the Svetlichny inequality
ensures that the correlations detected by Alice, Bob, and Charlie cannot be reproduced by any local hidden variable assigned to the joint measurement of any two out of three parties. In this sense, a violation of (10) reveals genuine tripartite nonlocality. Such a violation is possible using quantum mechanical states with genuine tripartite entanglement (i.e. fully inseparable states), such as GHZ states of three qubits [15, 16] , up to
which defines the maximum allowed quantum violation S Q 3 . The Svetlichny inequality can be generalized to detect genuine n-partite nonlocality. Consider a composite system partitioned into n subsystems, each measured by an experimenter (labelled by the superscript j = 1, . . . , n) in two possible settings O j x j with respective outcomes o j x j , where x j ∈ {0, 1} and o j x j ∈ {−1, 1}. For 1 ≤ k ≤ n − 1 the Mermin-Klyshko parameter can be defined recursively in a compact way [13] ,
where
, while M 2 and M 3 are given by Eqs. (5) and (8), respectively. The Svetlichny parameter for arbitrary n can be defined accordingly [13] ,
With the adopted normalization, violation of the generalized Svetlichny inequality
signals genuine n-partite nonlocality. Quantum mechanical violations are possible up to the maximum value
which generalizes the case n = 3 reported in Eq. (11) .
In the following, we will focus on quantum states invariant under arbitrary permutations of the n subsystems. In this case, let us denote by E m n the expectation value of a product of joint measurements with m settings x j = 1 and (n − m) settings x j = 0; for example, E 
IV. MULTIPARTITE NONLOCALITY WITH DISPLACED PARITY MEASUREMENTS
To test multipartite nonlocality in n-mode continuous variable systems, we first choose displaced parity measurements as the operators to be measured on each mode j [27, 28, 34] . In the case of optical fields, the displaced parity observableP j on mode j can be measured by photon counting, preceded by a phase space displacement, the latter implemented e.g. by beamsplitting the input mode with a tunable coherent field [27, 52] . In formula,
where |ξ j x j , n is the n th Fock state of mode j, displaced by a phase space vector ξ j x j ≡ (q j x j , p j x j ); notice that we are keeping a binary tag x j ∈ {0, 1} to allow for the choice of two different phase space settings on each mode j. These measurements have been implemented in recent Bell-type experiments with optical vortex beams [53] .
It has been proven in [27] that, for an arbitrary (singlemode) quantum state ρ j , the expectation value of a displaced parity operatorP j (ξ j x j ) is proportional to the Wigner distribution W ρ of ρ evaluated in the phase space point with coordinates given by the setting ξ
This result extends immediately to multimode states. We can then rewrite all the expectation values appearing in the Svetlichny parameter S n , defined by Eq. (13), in terms of the Wigner distribution of a n-mode quantum state ρ evaluated at suitable phase space points. For instance, in the tripartite case, the first correlation function in Eq. (9) would read
, and so on [34, 36] . If ρ is a multimode Gaussian state with zero first moments and covariance matrix σ, its Wigner distribution is given by Eq. (1), and the Svetlichny parameter S n defined in Eq. (13), for displaced parity measurements, depends only on the entries of the covariance matrix σ, as well as on the measurement settings {ξ j x j } j=1,...,n x j =0,1 . In the following, we investigate the maximum value that the Svetlichny parameter S n can reach when performing local displaced parity measurements on n-mode permutationally invariant Gaussian states, whose covariance matrix is given by Eq. (3), and characterize the phase space settings leading to a violation of the Svetlichny inequality (14) , that is, to a detection of genuine n-partite nonlocality.
Given the permutational symmetry of the states, we can assume that the binary set of available measurement settings is the same for each mode j, so that overall there will be m modes displaced by ξ 1 = (p 1 , q 1 ), and (n − m) modes displaced by ξ 0 = (p 0 , q 0 ). The expectation value E m n of such a product of local displaced parity measurements can be then computed exactly, and takes the following expression
Plugging the above into Eq. (16), we get a compact formula for the Svetlichny parameter S n ≡ S n (a; q 0 , q 1 , p 0 , p 1 ). Our next task is to optimize S n over the local phase space settings at given a, n, i.e., to find
By evaluating partial derivatives with respect to q 0 and q 1 , we can see that the setting q 0 = 0 = q 1 yields a stationary point of S n for any n. A numerical analysis up to n = 30 modes confirms that this choice of quadratures maximizes the Svetlichny parameter S n . We are thus left to identify the optimal settings for p 0 and p 1 , which are obtained by solving the following system of two transcendental equations,
While an exact solution of these equations appears unfeasible for arbitrary n, we can make some general observations, supported by numerical analysis. A gallery illustrating the Svetlichny parameter S n as a function of the phase space settings p 0 and p 1 is presented in Fig. 1 for some representative choices of n, at a fixed value of the state parameter a. The plots show that for any n (and sufficiently large a) there exist regions of phase space settings leading to a violation of the Svetlichny inequality (14) for the states under consideration. With increasing n, even more islands in the parameter space appear that enable such a violation. However, to further investigate the points of maximal violation and to comment on the dependence of the resulting S opt n (a) on n and a, as shown in Fig. 2 , we need to distinguish between the cases of even and odd n.
For odd n ≥ 3, motivated by the evident symmetry in the distribution of the peaks in Fig. 1(top) , one can verify that the antisymmetric setting p 0 =p n (a) = −p 1 is always an admissible solution for Eqs. (20) , which reduce to a single equation whose solution gives the optimalp n (a) (where the subscript denotes the number of modes, rather than the measurement setting). Numerics confirm that such a solution leads to the largest value of the Svetlichny parameter for odd n in the considered states under displaced parity measurements, i.e., S opt n (a) = S n (a; 0, 0,p n (a), −p n (a)). Under these premises, the resulting S opt n (a) is plotted as a function of a in Fig. 2(b) . As clear from the inset of the Figure, one finds that there exists, for any odd n, a threshold valueã n of a such thatp n (a) = 0 and S opt n (a) = 1 for 1 ≤ a ≤ã n , meaning that no genuine n-partite nonlocality can be detected below the threshold using displaced parity measurements, despite the fact that pure permutationally invariant Gaussian states are fully inseparable for any n as soon as a > 1 [37, 40, 44, 45] . This was already noted in [36] in the case n = 3. The threshold valueã n to violate the Svetlichny inequality, as well as the optimal settingp n (a) to reach the largest violation provided a >ã n , can be determined analytically in principle by solving Eqs. even though the problem becomes quite untractable for large n. For instance, for n = 3 we getã 3 = 
in agreement with the results of [36] 1 However, and quite interestingly, a numerical evaluation reveals thatã n quickly shrinks towards 1 with increasing n [see Fig. 2(b) ], which suggests that almost all fully inseparable Gaussian states of the studied class, in case of a large odd number n 1 of modes, exhibit a violation of local realism with the adopted measurements.
For even n ≥ 2 (including the bipartite case n = 2, when the Svetlichny parameter S 2 reduces to the Bell-CHSH one M 2 ), as apparent by the slight skewness in the islands of Fig. 1(bottom) , the setting p 0 = −p 1 is not anymore a solution of Eqs. (20) , which means that an optimization over two parameters remains to be performed, to obtain S opt n (a) = max {p 0,1 } S n (a; 0, 0, p 0 , p 1 ) . Analytical expressions, if available, are quite cumbersome in this case, so one can comfortably resort to a numerical solution. The resulting S opt n (a) is plotted as a function of a in Fig. 2(a) . As the inset of the Figure shows , and as numerical calculations confirm, in the case of even n there is no threshold for the violation of the 1 Note that there was a typo in the expression corresponding top 3 (a) in [36] , while Eq. (21) gives the correct formula.
Svetlichny inequality, that is, S opt n (a) > 1 for all a > 1, revealing genuine n-partite nonlocality as soon as the Gaussian states under consideration are fully inseparable.
Finally, by comparing the two cases of even and odd n, i.e. by a justaposition of the two panels of Fig. 2 , we observe that S opt 2k (a) ≥ S opt 2k+1 (a) for any k ≥ 1, even though the difference between consecutive even and odd cases vanishes asymptotically for a 1. Most importantly, however, for any n the maximum Svetlichny parameter achievable with the considered measurements stays well below the maximum value S Q n allowed by quantum mechanics, given by Eq. (15) and indicated by dashed lines in Fig. 2 . For instance, for n = 2, 3 we get lim a→∞ S opt n (a) = 4 × 3 −9/8 ≈ 1.162 [28, 36] , while the maximum quantum violation amounts to S Q n = √ 2 ≈ 1.414. The conclusion we can draw from this extensive analysis is that one can feasibly detect genuine n-partite nonlocality by displaced parity measurements, but such observables are not sensitive enough to reveal an extremal violation of local realism in n-mode Gaussian states.
V. MAXIMUM TRIPARTITE NONLOCALITY WITH PSEUDOSPIN MEASUREMENTS
In the original discussion by Einstein, Podolsky, and Rosen [3] , the idealized eigenstate of relative position and total momentum of two particles was argued to possess paradoxical nonlocal properties. In contemporary terms, we can say that such a continuous variable state (which is not normalizable, hence unphysical) is maximally entangled, i.e., it is charac- n (solid curves) for pure permutationally invariant n-mode Gaussian states using displaced parity measurements, plotted versus the covariance parameter a for (from bottom to top): (a) n = 2 (red online), n = 4 (green online), n = 6 (blue online), and (b) n = 3 (red online), n = 5 (green online), n = 7 (blue online). The insets detail the regime of small a, showing that a threshold for violations of the Svetlichny inequality exists in the odd n case (b), but not in the even n case (a). In both panels, the dashed horizontal lines indicate the maximum value S Q n of the Svetlichny parameter allowed by quantum mechanics, given by (from bottom to top) S terized by a diverging entanglement entropy. Gaussian twomode squeezed states, generated e.g. by optical parametric amplifiers [20] , approach such an ideal limit asymptotically in the regime of large squeezing. For this reason, it is natural to expect that the nonlocality exhibited by these states would reach the maximum allowed by quantum mechanics in the limit of infinite squeezing. This was in fact proven by showing that the bound (7) for the CHSH parameter can be asymptotically saturated by such states, when using pseudospin measurements [30] .
In the following we show that, by means of optimized pseudospin measurements, the Svetlichny inequality can also be maximally violated on a class of pure permutationally invariant three-mode Gaussian states, up to the limit in (11) . This shows that continuous variable Gaussian states can display extremal genuine tripartite quantum nonlocality, which could not be revealed by using displaced parity operators. We emphasize that the measurements considered in this section require us to work directly in the Fock basis, thus losing some of the elegance and compactness of the phase space formalism adopted above. As a result, extending this study beyond three modes appears challenging at present.
For a single mode, the pseudospin observableẐ is defined as [30] Ẑ (ξ) = cos θẐ z + sin θ(e −iϕẐ
where ξ ≡ (θ, ϕ) defines the measurement setting. In the Fock basis {|n } of a single mode, the three operators appearing in Eq. (22) are defined aŝ
A scheme to implement pseudospin measurements on a sequence of two-level atoms resonantly interacting with a cavity mode was described in [30] . Moving on to a tripartite scenario, given a three-mode state ρ, we define the correlation function associated with the measurement of pseudospin operatorsẐ j (ξ j x j ) on each mode j ∈ {a, b, c} with respective settings ξ j x j (where x j ∈ {0, 1} labels once more two possible settings per mode) as
) .
Inserting the expression (26) into Eq. (9), we can then construct the Svetlichny parameter S 3 corresponding to pseudospin observables.
We consider a family of pure permutationally invariant three-mode Gaussian states with wavefunction
whereĵ is the annihilation operator on mode j, and r > 0 plays the role of a three-mode squeezing parameter. These continuous variable GHZ-like states may be obtained by mixing a single-mode squeezed state [20] with two vacuum states at a balanced "tritter" [37, 54] . Their covariance matrix is local √ 5 + 4 cosh(2r). In Fig. 3 , we plot the Svetlichny parameter S opt 3 (r) for these states, optimized numerically over all the pseudospin measurement settings {ξ j x j }. Quite interestingly, we see that, in the limit of large r, the violation of the Svetlichny inequality in the considered scenario appears to approach the maximum quantum bound S Q 3 = √ 2. The value of the Svetlichny parameter for the same states using displaced parity measurements (optimized analytically as described in the previous section) is also plotted for comparison. As already remarked, the maximum achievable value of S 3 for three-mode Gaussian states using displaced parity measurements is only ≈ 1.162, and the states of Eq. (27) reach this limit for r 1 using such measurements.
We would like to go beyond the numerical analysis to provide a more rigorous evidence for the maximum tripartite quantum nonlocality of the Gaussian states under study. To this aim, we identify specific pseudospin measurement settings, given by
With this choice, and after straightforward yet somewhat tedious algebra, we obtain the following expression for the Svetlichny parameter:
Re ψ|Ẑ indices (a, b, c) . Furthermore, it is easy to spot from Eq. (27) that the expansion coefficients of |ψ in the Fock basis are purely real, which implies that the correlation functions appearing in Eq. (29) are real as well.
Our expression for S 3 can be further simplified noting that the total parity of |ψ implies ψ|Ẑ x . In the remainder of this section, we report extensive evidence that this is indeed the case in the infinite squeezing limit r → ∞. More precisely, we shall present a semi-analytical proof, supplemented by numerical evidence, that the following limit holds, 
To begin with, we take a series expansion of the exponential in Eq. (27) , which yields
This allows us to find the expansion of |ψ in the Fock basis,
Our next step is to evaluate the Fock basis expansion of Z b xẐ c
x |ψ . This is easily done by recalling that the action of Z b xẐ c
x on a Fock basis element iŝ
Fixing k 1 + k 2 + k 3 = 2n, we thus obtain the expansion (38) . Red dots indicate the numerically calculated value of f (n). Notice how the asymptotic behaviour for large n appears well approximated by 0.282 n −3/2 (black solid line), which has been obtained via a power-law fit. The sequence n −3/2 is also shown for comparison (blue dashed line). Logarithmic scale is used on both axes. All the plotted quantities are dimensionless.
Thanks to the orthonormality of the Fock states, we can hence write
Since lim r→∞ [cosh(r)] −1 = 0, in order for Eq. (31) to hold it would be sufficient to have n k 1 +k 2 +k 3 =2n R k 1 ,k 2 ,k 3 converging to a finite constant in the limit r → ∞. This is for example the case if the sequence
converges to zero faster than n −(1+ ) , for some > 0, in the limit n → ∞. Our numerics confirm that this is indeed the case for = 1 2 , as shown in Fig. 4 . A numerical fit based on n 1000 yields the asymptotic behaviour f (n) 0.282 n −3/2 , which would provide a convergent sum.
Summing up, we have provided compelling evidence that the three-mode squeezed states in Eq. (27) asymptotically approach an eigenstate ofẐ b xẐ c
x as r → ∞. Correspondingly, this entails that in the same limit one would obtain a maximum quantum violation of the Svetlichny inequality using pseudospin operators with the settings of Eq. (28) , that is,
VI. CONCLUSIONS
In this paper we have studied theoretically the degree of genuine multipartite nonlocality in pure permutationally invariant Gaussian states of n bosonic modes, in terms of the largest amount by which the Svetlichny inequality [12] is violated by specific measurements. When adopting displaced parity measurements [27] , we provided a prescription to find the optimal phase space settings in order to observe the most prominent violations of local realism, extending the results of [36] . These measurements nevertheless fail to reveal the maximum Svetlichny nonlocality allowed by quantum mechanics when operating on Gaussian states. For this reason we further considered pseudospin observables [30] and provided convincing evidence that such an ultimate bound is in fact attainable on Gaussian states when using these measurements, in particular in the three-mode instance. Extensions of this result to a higher number of modes, exploiting the symmetries of the states as outlined in our analysis, might be feasible, even though they appear significantly more intricate than the n = 3 instance. Also in the case of pseudospin measurements, we identified particular settings which become optimal in the regime of large squeezing. These findings can be useful to guide an experimental demonstration of genuine multipartite continuous variable nonlocality for practical purposes.
Here we have focused on the violation of the Svetlichny inequality [12] , which provides a sufficient condition for detecting genuine multipartite nonlocality. More recent studies have led to the identification of a larger set of weaker inequalities, whose violation (even without a violation of Svetlichny inequality) is still sufficient to demonstrate genuine multipartite nonlocality [18, 19] . Analysing these weaker yet more complex inequalities is considerably more cumbersome in continuous variable systems, and furthermore it is not clear a priori which inequalities can be violated on specific classes of states (and in some cases what is their maximum possible quantum violation), even though the violation of one such inequality has been investigated theoretically for three-mode Gaussian states using displaced parity measurements in [36] . Here we were mainly concerned with identifying conditions to reveal the strongest possible signature of genuine multipartite quantum nonlocality, which justifies our focus on the Svetlichny inequality, and the pursuit of its maximum violation using Gaussian states. Whether such a quantitative violation might be interpreted operationally in terms of a figure of merit for a continuous variable quantum information and communication task would be an interesting topic for further investigation.
In future work, it may also be worth extending our study to other correlations, such as quantum steering [50, 55, 56] , a weaker and asymmetric form of nonlocality which can also be detected by the violation of suitable inequalities [57, 58] . Very recently, displaced parity and pseudospin observables have been considered to detect steerability of bipartite Gaussian states [59, 60] , and proven useful to reveal a larger set of steerable states than what can be characterized by using Gaussian measurements alone [55, 61] . Identifying the boundaries of the sets of steerable or nonlocal Gaussian states (in bipartite as well as multipartite continuous variable systems), and the maximum allowed violations of corresponding inequalities when acting with specific classes of feasible measurements, would be helpful to identify optimal resources for fully or partially device-independent quantum communication using continuous variable systems. We hope the present work can serve as a stimulus to further progress in such directions.
